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Abstract

For fixed k > 2, determining the order of magnitude of the number of edges in an n-vertex bipartite
graph not containing C5k, the cycle of length 2k, is a long-standing open problem. We consider an
extension of this problem to triple systems. In particular, we prove that the maximum number of triples
in an n-vertex triple system which does not contain a Cs in the link of any vertex, has order of magnitude
n"/3. Additionally, we construct new families of dense Cs-free bipartite graphs with n vertices and n*/®
edges in order of magnitude.

1 Introduction

An r-uniform hypergraph, or simply, an r-graph H on vertex set V(H) is a subset of (V(TH)). In this work, we
denote by |H| the number of edges, or simply, the size of H. For a fixed r-graph H, we say that an r-graph
G is H-free if G does not contain a copy of H as a subgraph. The hypergraph Turdn problem asks the
following question: what is the largest number of edges in an H-free r-graph on n vertices? This number is
known as the Turdn number or the extremal number of H, and is denoted by ex,.(n, H). The case r = 2 was
first introduced by Turan [25] in 1941, and several lower and upper bounds on ex,(n, H) have been obtained
since then for different values of » and H.

Towards analyzing the asymptotic behavior of exs(n, G) for graphs G, the seminal result of Erdds and Stone
[8] states that when the chromatic number x(G) is at least 3,

exs(n, G) = (1 - X(G;—l) (;) + o(n?).

This result essentially determines exs(n, G) for graphs G which are not bipartite. The analysis of exa(n, G)
for bipartite graphs G turns out to be extremely difficult, and the reader is referred to [9] for a comprehensive
survey of the bipartite case.

One especially well-studied class of bipartite graphs G are the even cycles Cyy, for k > 2. For these graphs, the
best known general upper bound is due to Bondy and Simonovits [4], who proved that exs(n, Cax) = O(n*++).
Improvements in the coefficient of nl*% has been obtained in [3, 6, 22, 27].

A major open problem for even cycles is to construct Coi-free graphs on n vertices and Q(n”%) edges. There
have been several bipartite constructions based on finite fields [2, 5, 13, 16, 23, 24, 28] that have provided
lower bounds on specific values of k. For general k (except k € {2,3,5,7}) the best known lower bounds
are given by the bipartite graphs CD(k, q) for integers k£ > 2 and prime powers ¢ [11, 12]. These graphs
arise from Lie algebraic incidence structures that approximate the behavior of generalized polygons, and are
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analyzed in detail in [29]. See also [14] for an analysis of the connectivity of CD(k, ¢) for even q. For a recent
survey on the even cycle problem, the reader is referred to [26].

In this paper, we are mainly concerned with three classes of lower bound constructions: the bipartite graphs
D(k,q) from [12], the arc construction introduced in [17] and later generalized in [18], and Wenger’s con-
struction [28]. Our results can be divided into two sections: results about 3-graphs and results about graphs.

1.1 3-Graphs

For a graph G, the suspension G is the graph obtained from G by adding a new vertex adjacent to all
vertices of G. For fixed n, the generalized Turdn number ex(n, T, H) (studied rigorously in [1]) is defined as
the maximum number of (non-induced) copies of T in an H-free graph on n vertices. In [20], the author,

together with Mubayi, studied ex(n, K3, G) for different bipartite graphs G. Analogously, we introduce the
concept of a hypergraph suspension.

Let H be a 3-graph and « € V(H) be any vertex of H. The link of « in H, denoted by L g, is the graph
with vertex set V(H) \ {z} and edges {uv : {z,u,v} € H}. For a graph G, the hypergraph suspension G is
a 3-graph defined as follows: add a new vertex = to V(G), and let G = {e U {z} : e € E(H)}. By definition,

L,g=G.

Note that the numbers exs(n, é) and ex(n, K3, @) are closely related. In fact, given a G-free graph, we can
replace all triangles in it with hyperedges to obtain a G-free 3-graph, implying

ex(n, K3,G) < exs(n, G). (1.1)

In this paper, we study exs(n, 52k) for k > 2. When k = 2, observe that 5% is the complete 3-partite 3-graph
Kf?Q))Q, and thus it is shown in [19] that exs(n,Cy) = ©(n°/?). Hence we focus our attention on exs(n, Cay,)
for k > 3.

Observe that a 3-graph H does not contain C~'2k iff L,y does not contain Cyy, for every vertex x € V(H),
leading us to the upper bound B

exz(n, Cox) = O(n-n'Tr) = O(n*T*) (1.2)
On the other hand, a probabilistic deletion argument lets us deduce the following result:

Proposition 1.1. For k > 2,
exz(n, Cox) = Q (anFTl*l) . (1.3)

Our main result is to show a construction of égkffree 3-graphs, which asymptotically improves the bound
above for k = 3 and k = 4.

Theorem 1.2. For every integer q that is a power of 3, there exists a 3-partite 3-graph D3 (k,q) with the
following properties:

2k+1 edges,

1. D3(k,q) has 3" vertices and q
2. The link graphs of every vertex of D3(k,q) are isomorphic for k < 6, and

3. D3(3,q) and D3(5,q) are Cs-free and Cs-free, respectively.

In particular, Theorem 1.2 implies that*
exs(n, Cg) = Q(n"/?) and exs(n, Cs) = Q(n''/%). (1.4)

*Since exz(n, H) is monotonically increasing in n, a lower bound of ex3(3",H) > C - 3"® implies ex3(n,H) >
eX3(3U°g3 "J,H) > C . 3logsnla > 3—aC . n*  Thus an asymptotic lower bound on powers of 3 easily generalizes to all
natural numbers n.




As a corollary of (1.2) and (1.4), we determine the asymptotic growth rate of exs(n, Cg).

Corollary 1.3. For large n, the Turdn number of Cs grows as,

exs(n, Cg) = ©(n/3). (1.5)

Corollary 1.3 further implies that the bound in (1.1) is not always sharp, since we demonstrated in [20] that
ex(n, K3,Cg) = o(n™/3).

Remark. Our proof of Theorem 1.2 heavily relies on the bipartite graphs D(k, ¢) introduced by Lazebnik,
Ustimenko and Woldar [12], and Ds(k,q) can be viewed as an extension of D(k,¢) to 3-graphs. Ds(k,q)
has the property that for every k > 2 and g a power of 3, the link graph of any of its vertex is isomorphic
to either D(k, ¢) or another graph which we call D'(k,q) (Proposition 2.5). We also propose a problem of
figuring out the girth and connectivity of D’(k, ¢) (Problem 2.9). A good lower bound on the girth of D’(k, q)
would directly translate to asymptotic improvements in the lower bound on exs(n, 62k) given by (1.3).

1.2 Graphs

We also compare two well-known constructions of Cag-free graphs: the arc construction [17, 18] and Wenger’s
construction [28]. Before describing these constructions, we introduce some basic notation from (finite)
projective geometry.

Let t > 2, and let ¢ be a prime power. Let F; denote the finite field of ¢ elements. The vector space V = Ff{“l
naturally defines a (¢ 4+ 1)-dimensional vector space over F,. Let ~ be the equivalence relation on V' defined
by x ~ y iff there exists A € Fy, A # 0 such that « = Ay. Then, the projective space PG(t, q) is the set
of equivalence classes of V'\ {0} under ~. Note that since dimg, V' = t + 1, we have dimg, (PG(t,q)) = t.
Further, any point x € PG(t, q) is usually given by its homogeneous coordinates, [xg : 1 : -+ : @], so that
for any A € Fy with A # 0, [zo: @1 : -+ @] = [Azg : Az1 : --- : Axy]. An arc in a projective t-space PG(t, q)
is a collection of points such that no (¢ — 1) of them lie in a hyperplane.

Now we present the defition of the arc construction [17, 18].

The bipartite graphs Ga..(k, ¢, a). Let ¥ = PG(¢, q), and X9 C X be the hyperplane consisting of points
with first homogeneous coordinate 0. Note that g = PG(t — 1,¢). Let a be any arc in 3y. Then, the
bipartite graph Garc(k,q, @) with parts P and L is defined as follows. Let P = ¥\ ¥, and L be the set of
all projective lines ¢ of ¥ such that /N Xy € a. Vertices p € P and ¢ € L are adjacent if and only if p € ¢.

It was shown by Mellinger and Mubayi [18] that Garc(k, g, o) is Cop-free for k = 2,3, 5 but contains Cyy, for
k = 4, where «q is the normal rational curve in ¥, given by

ap={0:1:z:2?: 2"z eF,IuU{0:0:---:0:1]}.
The Wenger graphs H(k,q). Let H(k,q) be the bipartite graph with parts A = B = F’; such that
(a1,...,ar) is adjacent to (by,...,by) iff
ai +b; = abi~! for all 2 <i < k.

It was shown by Wenger in [28] that H(k,q) is Cax-free for k = 2,3, 5.

Cioaba, Lazebnik and Li [7] proved, among other properties of H(k,q), that these two constructions are, in
fact, isomorphic:

Proposition 1.4. Let ap be the normal rational curve in PG(k,q), and oy = ag \ {[0:---:0:1]}. Then,

Garc(kv Q7 aa) g H(k’ q)'



We give an alternative proof of Proposition 1.4 using the Pliicker embedding [10], a tool from algebraic
geometry that lets us parametrize the set of projective lines L.

Let (a,b) denote the greatest common divisor of integers a and b. For 1 < s < r with (s,r) = 1, it can be
shown that (see, for example, Section 10.3.1 of [21] and Claim 3.2) o = {[1 : z : %] : © € Fy-} is an arc
in the projective space PG(2,2"). Using the proof method of Proposition 1.4 on this arc «, we are able to
construct a family of Cgs-free graphs with Q(n*/3) edges, given as follows.

Theorem 1.5. Let ¢ = 2" and 1 < s < r be such that (s,r) = 1. Let G(2",s) denote the bipartite graph with
parts A= B =T} such that (a1,a2,a3) € A is adjacent to (b1, ba,bs) € B iff

by + as = a1by and bz + az = alb%S.

Then, G(2",s) is Cg-free.

Note that the graphs G(27,s) extend Wenger’s Cg-free construction in even characteristic, as G(2",1) =
H(3,2"). We are unsure about whether the graphs G(2",s) are isomorphic to any other Cg-free graph
families already known, in particular, whether G(2",s) = G(2",1). However, it might be possible to give
explicit definitions for new bipartite constructions without even cycles of certain lengths using arcs in different
projective spaces.

This paper is organized as follows. In Section 2, we prove Proposition 1.1, recapitulate on the graphs D(k, q),
extend them to the 3-graphs D3(k,q), and investigate its link graphs, finally proving Theorem 1.2. Section
3 is devoted to proving Proposition 1.4 and Theorem 1.5.

2 Lower bounds on ex3(n, @k)

Our goal in this section is to extend the graphs D(k,q) to a family of 3-graphs, and build up the tools
required to prove Theorem 1.2. We start with a proof of Proposition 1.1. Recall that we wish to show
eX3(n Cgk) Z Q( 2+2’“ 1)

Proof of Proposition 1.1. Let H ~ G3(n,p) be the Erdés-Rényi 3-graph, Where each edge of the complete
3-graph on n vertices is selected independently with probability p = ¢xn™ =% for a constant ¢ which we
choose later. Then, E(|H|) = p(}). For every Cor in H, we remove one edge from it. Let H C H be the
new 3-graph obtained via the deletion of edges. Note that the probability that any 2k 4 1 vertices forms a
Car is (2k+1) - (2k)!/4k - p**, and therefore, the expected number of them is at most (2k + 1)!/4k - n2k+1p2k
Now, E(|H'|) = p(3) — (2k + 1)In?*T1p2* /4K, As

p2hH1p2h=l _ 2kl Cik—ln—(%—m _ Cikfln?)

)

we have

2k + 1)In2k+1p2k-1 1 (2k+ 1)t
E(H')) = my _( >pn? | — - — k).
(1#°) p((?,) 4k =P\ 10 4k

1/(2k—1) _
Taking ¢ = (ﬁ . (Qk‘lifl),) , we note that E(|H'|) > pn®/100 > & - n®~ et Thus, there exists a
3-graph H' with Q(ngf%) edges with no copy of Coy.. This completes our proof. O

Since probabilistic lower bounds for 3-graphs tend to be weak, we try to strengthen this result via a look at
the graphs D(k, q). Here we present a summary of the properties of D(k, ¢); for more details, the reader is
referred to [11, 12, 29].



Definition 2.1 (The bipartite graphs D(g)). For a prime power ¢, let A and B be two disjoint copies of
the countably infinite dimensional vector space V' over F,. Use the following coordinate representations for
elements a € A and b € B:

group 1 group 2 group ¢
—_—
/_,_ ! !
a = ( a1,ai1,ai2, a1, a227a227a237a/327 aiiaaqjiaai,i+l7ai+1,i> )7 (21)
/ /
b = ( blab117b127b21; b227b22;b237b323 biiabiivbi,i—‘rlabi—i-l,ia )

Let AU B be the vertex set of D(¢), and join a € A to b € B if the following coordinate relations hold (i > 2):

ai + b1 +a1by = 0
a1z + b1z +arbyy =0

a1 + b1 +ayhy =0

aii +bii +a;i—1:01 =

ag; + 05 + arb i1
@iit1 + biiv1 + arbi;
@it1 +big1, +al;b

R(a,b) :

o o o o

Note that the first £k — 1 equations of (2.2) has the first & coordinates of (2.1). Let Ay and By denote the
truncation of A and B from (2.1) to the first k& coordinates, and Ry, the truncation of R from (2.2) to the first
k relations. Then, D(k, ¢) is defined as the bipartite graph with bipartition Ay U By where vertices a € Ay,
and b € By, are adjacent if they satisfy Rg—1(a,b).

Observe that for a fixed vertex a € Ay in D(k, q), the subspace {b € B : Ri_1(a,b) holds} has dimension
k—(k—1) =1, implying that every a € Ay has g neighbors in By. By symmetry, this is true for every vertex
of By as well, implying that D(k, q) is a g-regular graph on 2¢"* vertices.

The key properties of the graphs D(k, ¢) are summarized in the following proposition.
Proposition 2.2. For any prime power q and k > 2, the girth of D(k,q) is at least k + 4 if k is even, and

k45 if k is odd.

Further, it is known that for k > 6 the graphs D(k, q) start to get disconnected into pairwise isomorphic
components at regular intervals. These connected components are called CD(k, g). The graphs CD(2k — 3, q)
give the currently best known asymptotic lower bounds on ex(n,Cs) for £ > 3. We omit the proof of
Proposition 2.2 here.

In the following subsection, we extend D(k, q) to the 3-graph case.

2.1 The 3-graphs Ds(k, q)

Definition 2.3 (The 3-partite 3-graphs D3(g)). For a prime power ¢, let A, B, and C be three disjoint copies
of the countably infinite dimensional vector space V over F,. We use the following coordinate representations
forae A,be B, ce C:

group 1 group 2 group ¢
/_/% ’ /
a = ( @1,a11,012,021, @22,09,023,032, - @Qij, Ay Qiit1s Qiglyis - ) (2.3)
_ / / )
— ( blab117b127b21) b227b223b237b32a bii7bii7bi,i+17bi+1,i7 )7
/ /
( C1,C11,C12, C21, 0227022562370327 Ciiaciiaci,i+l7ci+1,i7 )



Let AU B U C be the vertex set of D3(gq), and say that {a,b,c} is a hyperedge if the following coordinate
relations hold (i > 2):

a11 + b11 +c11 +arby +biey +crag =0
a12 + bi2 + ci2 + a1biy + biciy + crann =0
a21 + ba1 + 21 + a11by +bricr + cnian =0
R(g) ((I, b, C) = ai; + bii + ¢ + ai_ubl + bi—l,icl + Ci—15a1 = 0 (24)
ai, + b5, + ¢l +arb -1 +bici i1 +cra;,-1 = 0
Giit1 + biip1 + Ciiv1 + arby + bicy +ciay = 0
Qjt1,4 + bi+1,i + Cig1,i + a;ibl + b;icl + cgial =0

Let Ay, Bk, Ci denote the truncations of A, B and C from (2.3) to the first k& coordinates, and R,(CB) the
truncation of R from (2.4) to the first k relations. Define D3(k,q) to be the 3-graph with vertex set
Ay U By, U Cy, such that {a, b, c} is a hyperedge of D3(k, q) if Rgl(a, b, ¢) holds.

For any vector v € V, let U4 € A, ¥p € B and v € C denote the corresponding vertices of D3(q). We have
designed the 3-graphs D3(q) in such a way that the equations governing the link graph of 04, 0p, Oc are the
same as the equations defining D(q).

In fact, note that D3(q) has the natural cyclic automorphism a, + by, by > ¢., and ¢, — a,, under which
all the defining equations of D3(g¢) remain invariant. Hence, for any ¥ € V, the link graphs of ¥4, Up and
V¢ are all isomorphic. One would hope that the link graphs of vertices of D3(k, q) corresponding to other
vectors U # 0 would also have similar high girth properties as D(k,q). This inspires us to analyze the links
of every vertex in D3(k, ). To that end, we analyze Aut(D3(q)).

Proposition 2.4. Suppose F, has characteristic 3, and consider D3(q) with parts A, B, C. Let a € A be
fized, and suppose s > 1. Then there is an automorphism ¢ € Aut(Ds(q)) such that
S zeros

——
p(a) = (a1,0,...,0,%,%,...)4.

The proof of Proposition 2.4 is technical. Before looking at the proof, we note an important consequence: to
analyze the girths of every vertex of D3(k, ), it is sufficient to analyze the girths of the link graphs of the
vertices (a1,0,...,0)4, for a1 € F,. In fact, it is seen that the truncated 3-graphs D3 (k, ¢) have exactly two
kinds of links.

Proposition 2.5. If q is a power of 3, then the 3-graph Ds(k,q) admits exactly two classes of link graphs,
one of which is D(k, q).

Now, we present the proofs of Propositions 2.4 and 2.5.

2.1.1 Proof of Proposition 2.4

Recall that ¢ is a power of 3, and we wish to construct an automorphism ¢ of D3(q) sending any vertex a € A
to

S zeros
—N—
(a1,0,...,0,%,%,...)4.

We construct ¢ via a product of automorphisms of D3(g). First, we may rewrite the relations R from (2.4)



into the following form:

@i + biy + ¢ii + ai—1,;b1 +bi—1,c1 +ci—15a1 =0
/ / !
a;; + b + ¢y +aibi i1 +bici i1 +cra; -1 =0

R (a,b,¢) =
Qi1+ biir1 + Ciip1 + arby +bicy +cra =0

fori>1, (2.5)

/ ! ’
Q41,5 + bi+1,i + Ci+1,i + a“-bl + biicl + C;;a1 = 0

where we set the convention ag; = a19 = a1, bo1 = bio = b1, co1 = c10 = ¢1; and af; = a11, b4 = b11, ¢4 = e,
with the implication that the first and second equations coincide for ¢ = 1. Further, for the sake of ease in
defining the automorphisms, we give meaningful interpretations for the equations in (2.5) when i = 0. We
set 0,60 = b60 = 060 = app — boo = Coo — —1; and ap,—1 = bO,—l =Cy,—-1 =Aa-1,0 = b_1,0 =C-1,0 = 0. Notice
that the first and the second equations reduce to —3 = 0 for ¢ = 0, which is true in characteristic 3.

Now, we define five different linear maps on D3(gq) in Table 1 below, by noting where each coordinate is sent
to. For example, for fixed z € F,, we denote t; 1(x) to be the map that satisfies a1 +— a1 + a_1,02 = a1,
a11 — ai1 + agox = ay1 — x, and so on. A “-” as a table entry denotes a coordinate fixed by that map, e.g
tmt1,m(@i) = agi.

Coordinates t1,1(x) tm,m+1(T), tmt1,m(T), tm,m(2), m > 25 | (), m > 2;
(i>0) m > 1; m>1; r=i—m r=i—m
r=i—m r=t—m
o +ai—1,-17 +arr-17, - +aprx, 7 >0 -
r>1
as; +ai_y ;g% - +ar_1 2, - +al,.x,r>0
r>1
Qg1 +ai_1,T +ay,x, v >0 - +ar 17, -
r>0
@it1,i +aii12 - +arrx, 720 - +ar41,,T,
r>0
bii +bi_1i-1T +by o1, - +bppz, 7 >0 -
r>1
b +bi_1,1% - +br—1,r2, - +b,.x, 7 >0
r>1
biit1 +bi 1% +b.,.x, >0 - +br 1, -
r>0
bit1,s +bii 1T - +brrx, 7 >0 - +bry 1,7,
r>0
Cii +Cio1,i-1% +eppr1, - +eprx, 720 -
r>1
Cii 17 - ter-1,,%, - +Cpm, 720
r>1
Ciit1 +Ci—1,i% +cx, >0 - +Crry1, -
r>0
Cit1,i +Cii—1% - +crrz, 720 - +Cry1,0T,
r>0
Table 1: Automorphisms of D3(q)
(abo = bho = cho = aoo = boo = coo = —1, ap,—1 = bo,—1 = co,—1 = a—1,0 =b_1,0 = c—1,0 = 0)

According to this convention, when i = 0, the first two rows describe the images of agp and afy, which are




constants and hence fixed by every map. The third and fourth rows coincide, and describe the images of a;.
When i = 1, the first two rows coincide and describe the image of a;;. All other rows of Table 1 describe the
images of unique coordinates.

Claim 2.6. The maps defined in Table 1 are automorphisms of D3(q).

Proof of Claim 2.6. First, we observe that each of the maps defined in Table 1 is invertible when restricted
to one of the vertex subsets A, B or C. This is because when written as (infinite) matrices in the basis given
by the coordinates, each map has 1 along the diagonals and are lower triangular, thus are invertible. As an
example, consider the action of ¢; 1 on the vertex set A. When we write the matrix of ¢;; in the standard
basis, we obtain the following infinite lower-triangular matrix (here unfilled entries are 0’s):

8 © o O~

t11 =

8 OO0 o~
8 O O O+
—

Thus, t11(z) is invertible for every x € F,. A similar argument shows that all the maps in Table 1 are
invertible.

Hence, it remains to check that they are homomorphisms. Now, to show that a map f is a homomorphism,
it suffices to check that R®) (a,b,¢) = RO (f(a), f(b), f(c)), i.e. each relation in (2.5) is preserved under
f. We verify this implication for each map of Table 1 as follows.

o t11(x): We observe that the map t1 1(x) keeps a1,b1,¢1 fixed as a1 = ap,1 — ap,1 + a—1,0 = ap 1, etc.
And, for ¢ > 1, we need to check that the equations (2.5) are preserved after the transformation given
by t1,1. Suppose the equations (2.5) hold, then note that we also have for ¢ > 1,

@i + big + ¢y + ai—1,3b1 +bi—1 561 +ci—15a01 =0,
(@i—1,i—1 + bic1,i—1 + Cim1,i-1 + Gi—2i-1b1 + bi—2i—1¢1 + ci—2i-101)x = 0,
and adding these up verifies that the first equation is preserved under the image of ¢; 1(z). Similarly,

the other three equations can be verified for each 7 > 1.

® tym+1(x),m > 1: Again, note that this map fixes a1 = ag,1, b1 = b1 and ¢; = ¢ as for ¢ = 0 and
m>1r=i—m< 0. It also fixes all a;;, ¢ < m and all a; 41, i < m. Therefore, all of (2.5) are
satisfied for i < m. When i = m, the first equation is still preserved as amm, ay, 1, are fixed. For the
third equation, we observe that am m+1 = Gmm+1 + A00T = Gmm+1 — T, Dmomt1 = bmms1 — ¢ and
Cm,m+1 F Cm,m+1 — . Thus, the third equation becomes

(am,m+1 - l‘) + (bm,m+1 - l’) + (Cm,m—i-l - l‘) + albmm + blcmm + c1amm = 07

which is still true as 3z = 0 in F,. Finally, for i > m, we need to check the validity of the first and
third equations from (2.5). However, note that for ¢ > m and r =¢ —m > 1,

@i + by 4 cig + a;—1,:b1 +bi—15c1 +ci—1 01 =0,
! / /
(a’TaT’*l + bT,”‘*l + Crir—1 + a’rfl,rflbl + brfl,rflcl + Cr71’T71a1)$ = 07

and adding these up verifies the first equation, since ¢, y41()(ai—1:) = @i—1,i+ay._; ,_17. In a similar
fashion, we verify the third equation by adding up:

i1+ bi i1+ Ciip1 +arby +bicy + cray =0,
! / /
(arr + bm« + Crp + albr,r—l + blcr,r—l + Clar,r—l)x = 07

for ¢ > m and r = ¢ —m > 1. The second and fourth equations are unchanged by t,, ;1.



® tmi1m(x),m > 1: Similar to €, m11, this map fixes a;; and a; ;41 for every 4, and hence does not
change the first and third set of equations of (2.5). For i < m, we have r =i — m < 0, hence the map
fixes all coordinates with ¢ < m. For ¢ = m, note that it changes am,4+1,m > Gm+1,m — <, yet fixes al,,, .
So, the second equation remains unchanged, and we also have

(@m+1,m = @) + (bma1,m — @) + (Cmat,m — T) + Gt + U1 + mar = 0.

This shows that the fourth equation is preserved by the map.

Finally, when ¢ > m, the following four equations vouch for the validity of the second and fourth
equations of (2.5):

H @it1, + big1,i + i1, +alby b0 +car =0 H

(ar'r + brr +Cpr + arfl,rbl + brfl,rcl + crfl,ral)x =0

H al; + b, + ¢, +aibi i1 +bicii—1 +c1a;,-1 =0 H
(@r_1p +bpo1p+ 1 +arbror o1 Hbicro1 1021 ,)z =0 ||

o tym(z),m > 2: Same as before, we start by observing that t,, m(Gmm) = Gmm — &, tmm(Gm—1,m) =
am—1,m, Preserving the first equation of (2.5) for 4 = m. On the other hand, as am m+1 > m,m+1 +
@0,1T = Qm,m+1 + @12, we can rewrite the third equation into:

(@m,m+t1 + a12) + (bm,mt1 + 012) + (emymt1 + €12) + a1 (b — @) + bi(Cmm — ) + c1(@mm — ) = 0.

For i« > m and r = ¢ —m > 1, we only add the first and third equations to themselves for ¢ = ¢ and
i = r, after multiplying the ¢ = r equations by =x.

/
m,m

® ty, m(7),m > 2: For this map, t}, . (a7,,) = @ — 25 1, 1 (@mm—1) = @m m—1, verifying the second

equation of (2.5) for i = m. And, as ¢}, ., (@m+1,m) = Gmt1,m + 1,07 = Amy1,m + a7, We again have

(@mt1m +a12) + (bny1,m + 012) + (Cma1,m + 12) + (A — 2)b1 + (B, — T)e1 + (Cppn — 2)az = 0.

For ¢ > m and r = i — m > 1, adding the first and third equations to themselves for ¢ = i and i = r
completes the verification.

This calculation shows that the maps defined in Table 1 are all homomorphisms. Since all of them are
invertible, this finishes the proof of Claim 2.6. |

Remark. It is worth mentioning here that the inverse of all the maps f(z) are actually f(—z) for f €
{tm’m+1,tm+1’m,tm’m,t;n)m}. These matrices which have equal entries along the main diagonals are called
Toeplitz matrices, and in general, their inverses may or may not be Toeplitz. For example, t1 1(x) oty 1(—x)
is not the identity map. While the inverse of ¢ ; (x) when restricted to finite orders can be determined using,
for example, [15] or by induction, for our proof it suffices to just observe that ¢; 1(x) is invertible for = € F,,.

We now return to the proof of Proposition 2.4. In the proof of Claim 2.6, we checked that ¢ 1(z) keeps
ay fixed, and moves a1 — ai; + apox = a1 — x. Therefore, given any vertex a € A of D3(gq), we can
perform ¢1 1(a1) to map ay; to 0. Let a*) =#; 1(a1;1)(a). Now, an application of tl,g(a%l)) sends the third
coordinate, a%l) t0 0. Let a(1?) = tl,g(agl;))(az(n))7 and a®V, a(22) q(32) . be defined similarly. Then, the
map ¢ given by

o= otiprialh ) ot (alyy) o th(@l?) o tu(ali T ) oot a(aly?) o tra(any),

where ¢ is truncated to s compositions, sends the second through (s + 1)-st coordinates of a to 0. It also
preserves all edges through a, being an automorphism of D3(g). This completes the proof. O



2.1.2 Proof of Proposition 2.5

Our goal in this section is to prove that D3(k, ¢) admits at most two different link graphs. By Proposition 2.4,

it suffices to consider the link graphs of a = (ay,0, ..

.,0)4 for a; € F,. Let L, denote the link graph of a. We

see that bc € E(L,) if and only if Ri_1(a, b, ¢) holds. This implies that the following equations hold (i > 2):

Rk—l(a7 b7 C) =

Here we consider two different cases.

b11 + c11 +a1b1 +bicy + craq

bi2 + c12 + a1bi1 + bienn
bo1 + c21 + bi1cr + crian

bii + cii +bi—1c1 + ci—15a1
bl 4 ¢y + a1bii—1 + b1ci i1
bi i1 + Ciit1 + a1by + bicy
bit1,: + Cit1,i + b/iicl + cgial

o o o o

0
0
0

(2.6)

e Case 1: a; = 0. In this case, we note that the relations Ry_1(04,b,¢) of (2.6) reduce to the relations
Ri—1(b,c) of (2.2) defining D(k, q), implying L, = D(k, q).

e Case 2: a; # 0. In this case, let us define an isomorphism v : Ly — L1 ,... 0y as follows:

Y(by) =
Y(by) =
Tﬁ(bgi) =

P(biiv1) =

Y(biy1,) =

b1
;1 Y(cr) =
b
ﬁ7 ¢(Ci’i)

1

b,/” /
Cbifi’ and ¥(ci;) =
bi i+

ST Y(ciit1) =
ap
bit1.i

PRt Y(Cit1,:) =
a

C1

T
a1
Cii
;)
a%z
/
Cii
7 )
a¥

Cii+1

2it1°
ay

Cit+1,i

241"
a

By dividing the equations in (2.6) by appropriate powers of a1, it can be seen that ¢ is a homomorphism.

As ay # 0, 9 is invertible, and hence L, = L1 o

Proposition 2.5 naturally leads us to investigate the links of the vertex (1,0,...0) in D3(q).
.0)¢ are isomorphic, so we may now consider L. where

the links of (1,0,...0)4, (1,0,...0)p and (

1,0,..

,,,,,

c¢=(1,0,...,0)¢. The defining equations for this link is given by,

Ri-1(a,b,c) =

a11 + b1+ a1 +a1br + by
a1z + b1z +aig +aibi
a1 + ba1 + a11by + b1y

@i + by +a;i—1,:b1 +bi—1
al; + b5+ agi—1 + arbi i1
Qi i1 + bi i1 + Qi+ arby
Qit1,i + biv1,i + aj;b1 + b

10
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o o

o O O O

0), completing the proof.

O

Recall that

(2.7)



We can reduce this further by replacing a; with a7 + 1 and b; with b; + 1. Noting that (a1 + 1) + (a1 +
1)(b1 +1)+ (b1 +1) = a1b1 — a1 — by in characteristic 3, we get a new set of equations, namely (2.9). We call
this new series of graphs D’(k, ¢), and take a closer look at them in the next subsection.

2.2 The bipartite graphs D’'(k, q)

We now take a detour into the sequence of graphs D’(k, ¢). It is worth clarifying that in this subsection, we
look at F, of arbitrary finite characteristic.

Definition 2.7 (The bipartite graphs D’(g)). For a prime power ¢, let A and B be two disjoint copies of
the countably infinite dimensional vector space V' over F,. We use the following coordinate representations
forae A, be B:

group 1 group 2 group ¢
—_—— 7 7
a = ( @i,a11,612,021, G22,05,023,032, ... Qs Qg Qg it 15 Qit1,4y - ), (2.8)
_ / /
b — ( blab117b127b215 b227b223b237b323 bii7bii7bi,i+17bi+1,ia )

Let D’(g) consist of vertex set AU B, and let us join a € A to b € B iff the following equations hold (i > 2):

a1 — a1 + b1 — b1 + a1y = 0
a12 + a1y + bia + b11 +aibiy = 0
a1 + ap + bay +b11 +aiiby = 0
R'(a,b) == @i +ai—1,; +bi; +bi_1,;+ ai_1,:b1 0 (2.9)
ap; + a1+, +bii1+abi i1 = 0
Qiit1 + @i +biip1 + b +aby; = 0
@iy, + aj; +big1; + 0 +aj;by = 0

Again, we observe that the first £ — 1 equations of (2.9) has the first k coordinates of (2.8). So if Ay and By
denote the truncation of A and B from (2.1) to the first k coordinates, and Rj, the truncation of R’ from
(2.2) to the first k relations, then, we define D’(k, ¢) as the bipartite graph with bipartition Ay LI By where
vertices a € Ay, and b € By, are adjacent iff R},_;(a,b).

By an exactly analogous argument as for D(k, ), it follows that D’(k, ) is a g-regular graph on 2¢"* vertices.
It is natural to inquire whether D’(k, ¢) and D(k, q) are related in any way, in particular, whether they’re the
same graph. The answer turns out to be yes for small values of k, but no for larger k:

Theorem 2.8.

(a) For 2 <k <6, D'(k,q) 2 D(k,q).

(b) D'(11,3) 2 D(11, 3).

Proof. First, we prove part (a).

The main idea of the proof is as follows. Observe that it is enough to show that D’(6,q) = D(6,q), as an
isomorphism D’(6, q) — D(6, ¢) can be restricted to fewer coordinates to give isomorphisms D’(k, ¢) — D(k, q)
for k < 6. To demonstrate that D’(6,q) = D(6, ¢q), we shall define a map = — Z sending z € V(D'(6,q)) to
the vector Z € FS, such that for a € A and b € B, we have ab € E(D'(6,q)) implies ab € E(D(6,q)). By
construction, this map will be linear and invertible, which would then complete the proof.
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| aeV(D(6.9)nA | aeF. | beviD6.9)nB | beFL0
a a by by
ail ail —ai b1 bi1 — by
a2 a2 +ax bi2 b2 + by
a1 az + a ba1 ba1 + by
a22 a2 +aiz2 + a1 — a1 b2 boa + b1z +b11 — by
o ahy + ao1 + a1 — a1 b by + ba1 + b11 — by

Table 2: The isomorphism D’(6,q) — D(6, q)

We define the map x — Z as described in Table 2.

Suppose a,b € V(D'(k,q)) with a € A, b € B and ab € E(D'(k,q)). This implies:

a1 —ap + by — by +aib
a12 + ain + bia +b11 +ar1bn
a1 + a1 + boy +b11 +aih
a2 + a12 + bao + bi2 + a12b1
ahy + G21 + by + ba1 + arbyy

Now observe that, @1 = a; and b; = b;. Further,

{au +b11 + a1by = a11 — a1 + by — by + aib;
[ )

Therefore the map x +— T is an isomorphism from D’(6, q) to D(6, q), as desired.

:07

= a12 + a1 + biz + bi1 + arbis
f— O7

= ag1 + a11 + bay + b11 +anbs

o O O o O

@12 + bi2 + aibin = a2 + ay + bia + b1 + a1 (byn — by)
=a12 + a1 + b1z + b1 + a1bin + (a11 — a1 + b1 — b1)

d1 +ba1 + @by = ag1 + @y + bay + b1 + (a1 — ar)by
= a1 +ar +ba1 + b1 +anbr + (a1 — a1 + b — by) (2.10)

Q92 + bag + @12b1 = agz + aja + a11 — ag + bag + bia +b1p — by + (@12 + a1)bs

= a9y + a12 + bz + b1z + ai2b;

Qoo + 6122 + 61621 = a’22 + a9 +a11 —ayp + b/22 +bo1 +b11 — by + al(agl + bl)

= ahy + ag1 + by + ba1 + a1bay
=0.

Our proof of part (b) is purely computational. In summary, it has been computed that the diameter of the
component of D(11,3) containing 0 is 22 whereas the same number for D’(11,3) is 20, implying they’re not
isomorphic (as it is known that D(11, 3) is edge-transitive). Further, D(11,3) has 112 cycles through the edge

{0,0} whereas D’(11,3) has only 4. This also implies D(11,3) 2 D’(11, 3).

The github repository https://github.com/Potlal995/hypergraphSuspension/ contains further details
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on how to reproduce these results. O

Remark. Computer calculations for small values of ¢ suggest that D’(k, ¢) and D(k, q) are isomorphic for
7 < k < 10. However, the proof method used for k£ < 6 does not extend to this range.

Note that proving that D’(k, ¢) has high girth is synonymous to proving lower bounds on ex(n, ézk) by the
machinery we’ve built so far in this section. There is computational evidence for up to k = 13 that the girth
of D'(k,q) is at least k + 4 if k is even, and k + 5 if k is odd, analogous to D(k, q). As D’(k, q) is a sequence
of graphs not isomorphic with D(k, ¢) in general, we propose to study the following open question:

Problem 2.9. What is the girth of D'(k,q) and connectivity of D'(k,q) for values of k > 7%

2.3 Proof of Theorem 1.2

We have now built all the machinery required to complete our proof of Theorem 1.2, and will delve into the
proof.

Proof of Theorem 1.2. Recall that we have to check three properties of D3(k, ¢), and that ¢ is a power of 3.

1. First, we check that D3(k,q) has 3¢* vertices and ¢?**! edges. It is clear that every part of D3(k,q)
has ¢* vertices. Since there is exactly one free variable when we fix a and b for a hyperedge {a, b, c},
this gives us a total of ¢* - ¢¥ - ¢ = ¢***! edges.

2. Next, we shall prove that the link graphs of every vertex of D3(k, ¢) is isomorphic, in fact, to D(k, q)
for k < 6. By Proposition 2.5, the link of every vertex of D3(k, q) is isomorphic to D(k, q) or D'(k,q)
as ¢ is a power of 3. However, D(k, ¢) = D/(k, q) for k < 6, implying the required assertion.

3. Finally, it remains to show that D3(3,q) is 56—free and D3(5,q) is 5g—free. From the previous point,
and since D(3,¢) and D(5, q) are known to have girths 8 and 10 respectively (Proposition 2.2 part 2),
this completes the proof. 0

3 The arc construction and Wenger’s construction

In this section, we relate the arc construction and Wenger’s construction via Proposition 1.4, and provide a
new set of Cs-free graphs with n vertices and ©(n*/?) edges via proving Theorem 1.5.

3.1 Proof of Proposition 1.4

Our main goal is to algebraically parametrize the constructions Garc(k, ¢, o) for k > 2, prime powers ¢ and
the normal rational curve g, which would lead us to Wenger’s construction H(k,¢). To this end, we would
require the use of the Pliicker embedding [10], an algebraic geometric tool that allows us to parametrize the
set L.

Lemma 3.1 (Pliicker Embedding). Every line ¢ passing through points [ay : +-+ : agp1] and [by : -+ @ by

in PG(t,q) can be parametrized using (t;ﬂ) coordinates {w;; : 1 < i < j <t+ 1}, where w;; is given by the

determinant of the 2 X 2 matrix obtained by appending the i’th and j’th rows of

ay az - Gl
b
by b - by

i.e. Wi = G,Z'bj — (ljbi.
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For further details on the Pliicker embedding, the reader is referred to [10], p.211.

We are now well-equipped to prove Proposition 1.4, which asserts that Garc(k, ¢, g ) = H(k, g).

Proof of Proposition 1.4. Recall that in the Garc(k, ¢, g ) construction, P = X\ 3¢ and
L = {projective lines £ : £ Ny € o }

Therefore, |P| = ¢* and |L| = ¢*"]agy | = ¢~.

Observe that any line in L passes through a point [1:a; : -+ :a;] € Pandapoint [0:1:2:---:2F 1] € ap.
Let {w;; : 1 <i < j < k+ 1} parametrize lines in L. Then, for 2 < j <k +1,
1 aj—1 j—2
wi; = det 0 Ij_2 =X , (31)
and for 2 <7 < 7,
ai—1 aj_1 . .
w;; = det [wﬁ_Q x;_Q] =a; 277 —a; 22 (3.2)

Equation (3.1) implies that wi3 = = and wy; = w{QQ for j > 2. Moreover, plugging i = 2 into (3.2) gives us
wo; = a1x? "% —a;_ for j > 2. Thus, a;_1 = alw{g_Q — wy; for j > 3. Now, for any 3 <1i < j, we have

i—2 j—2 j—2 i—2 i—2 j—2
wij = (a1wyz” — wai)wis” — (arwiy” — wa;)wiz” = Wiz wa; — wiz W

In particular, the above analysis implies that wy; are all dependent on wyg and {w;; : @ > 3} are all dependent
on wiz and {wsg; : j > 3}. Hence we may reduce our free variables to only the set {wi3}U{ws; : 3 < j < k+1}.
Let by := o = wy3 and b;_1 = way;,3 < j < k+ 1. Then, the equation (3.2) for ¢ = 2 reduces to

by =amb] P —a; 1, 3<j<k+1,

Which is exactly the defining set of equations for the graph H(k,q). As P consists of ¢* points parametrized
by {wis} U{ws; : 3 < j < k+ 1}, this implies Garc(k,q, 0 ) = H(k, q). O

3.2 Proof of Theorem 1.5

We remark that Theorem 1.5 can be proved completely analogously to the proof of Proposition 1.4 via using
the arc o of PG(2,2") given by o = {[1 : ¢t : t¥'] : t € F,}. However, for the sake of simplicity, we provide an
alternative and more direct proof following Wenger’s proof in [28]. Recall that ¢ = 2", (s,7) = 1, and G(2", s)
is the bipartite graph with parts A = B = Fg such that (a1,as,a3) € A and (by,bs,b3) € B are adjacent iff

b2 + ag = a1b1 and b3 + a3z = albfs.
Proof of Theorem 1.5. Let a = (a1, az2,a3),b = (b1,b2,b3),...,f = (f1, f2, f3) form a Cg in G(2",s) where
a,c,e € A are distinct, and b,d, f € B are distinct.

Then, as ab and bc are edges, we have as + by = a1b1, c2 + by = ¢1b1 implying as + ¢ = b1(a1 + ¢1) (due to
characteristic 2). Similarly, az + c3 = b3 (a1 + ¢1). We can write these equations as,

a1+ 1
azt+ca| = |bi|- (a1 +c1),
as + c3 b%b_
and similarly
c1 +e1 1 e1+ay 1
coFe| =|dy '(Cl +61) and |es+as| = | f1 |- (61 +a1).
c3+e3 dy les + as 1
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Adding these up and using characteristic 2, we have

0 M1 1 1
0| = b1§ (a1 + 1)+ d1g “(er+e)+ flg -(e1+a1)
0] [bF a3 /P

1 1 1 a1 + c1
= bl. dlv f1' c1+ e
b7 di ff e1+a

Let M(z,y,z) = | « y z
25 25 25

Claim 3.2. If z,y, z € IF, are all distinct, then M (x,y, z) is invertible.

Proof of Claim 3.2. We wish to show that det M (z,y, z) # 0, which simplifies to “’Zin #+ yzyif . If there

Yy
25 25 25 25
were pairwise distinct ¢;, t2,t3 € Fy with téliiz = tizﬁz , we would then have, for a fixed t5 and for x = t1 +
29 29 2% 29 29 29
ty and y = t +ty, that CH2L 0 — (W5 This would imply that Hw rx € Fy\ {tQ}H <

g — 1. Therefore, it is enough to check that for any arbitrary ¢ € Iy,

(z+1)% +*
—

meF;@ﬂ}‘:q_L

s X 28 o8
Observe that, by the binomial theorem and using the fact that (21. ) is even for every 0 < i < 2%, (lm% =

22" 1. Hence, it suffices to show that the map z — 22 ~! is a permutation of F,. However, as the multi-
plicative group IF; has order g — 1, this happens only when (2° —1,¢ — 1) = 1, which is true since

(28 —1,2" —1) =207 — 1 =1,
by assumption.’ |
Now, we see that b; # dy. This is since if by = dy, then, as
by +co =bicy = c1dy = co + da
and
by +c3 =03 ¢y =cidd = cz+d,

we would obtain b = d, a contradiction. Thus, by,dy, f1 are pairwise distinct, and therefore M (by,dy, f1) is
invertible. Hence, (3.3) implies
a1 +cy=c1+e =e;+a; :0,
i.e., a; = ¢; = e;. However, as
as + by = a1by = c1by = by + o
and
as + bg = albf = Clb% = bg —+ C3,

this would imply a = ¢, a contradiction. O
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THere we use the elementary fact that (@™ —1,a"—1) = a{™m) — 1 for any natural numbers a, m, n. This can be shown
by iteratively using the euclidean algorithm: if n > m, (™ —1,a™ — 1) = (a™ — 1,a™ —a™) = (a™ — 1,a” ™ —1).
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